Pattern formation in a nonlocal mathematical model for the multiple roles of the TGF-β pathway in tumour dynamics 
Abstract
The growth and invasion of cancer cells are very complex processes, which can be regulated by the cross-talk between various signalling pathways, or by single signalling pathways that can control multiple aspects of cell behaviour. TGFβ is one of the most investigated signalling pathways in oncology, since it can regulate multiple aspects of cell behaviour: cell proliferation and apoptosis, cellcell adhesion and epithelial-to-mesenchimal transition via loss of cell adhesion.
In this study, we use a mathematical modelling approach to investigate the complex roles of TGF-β signalling pathways on the inhibition and growth of tumours, as well as on the epithelial-to-mesenchimal transition involved in the metastasis of tumour cells. We show that the nonlocal mathematical model derived here to describe repulsive and adhesive cell-cell interactions can explain the formation of new tumour cell aggregations at positions in space that are further away from the main aggregation. Moreover, we show that the increase in cell-cell adhesion leads to fewer but larger aggregations, and the increase in TGF-β molecules -whose late-stage effect is to decrease cell adhesion -leads to many small cellular aggregations. Finally, we perform a sensitivity analysis on some parameters associated with TGF-β dynamics, and use it to investigate the relation between the tumour size and its metastatic spread.
Keywords: nonlocal spatial mathematical model, tumour invasion, TGF-β 2010 MSC: 92-08, 92C15, 92C17, 92C50 TGF-β molecules, u β . Moreover, to investigate the formation/break-up of tu-83 mour aggregations in response of TGF-β, as well as their migration, we focus 84 on a domain that represents some tissue containing the tumour. For simplic- 
Next, we describe in detail the various terms that appear in model (1) . 92 1. The tumour cells move with velocity γ (fixed throughout this study), and change their movement directions from right-to-left or from left-to-right with rates λ + and λ − , respectively. These turning rates depend on the attractive (y ± a ) and repulsive (y ± r ) interactions with other tumour cells, as well as on the TGF-β concentrations (u β ):
Here λ 1 approximates the random turning, while λ 2 f (·) approximates the directed turning. Since cell turning cannot occur infinitely fast, we choose the turning function f to be a non-negative, bounded functional of the attractive-repulsive interactions (y ± r,a ) with neighbouring cells and chemical concentrations:
where the term m 0 was chosen such that f ≈ 0 when y ± r ≈ y ± a (see Table 2 and Figure 3 (a), where m 0 = 2). We assume here that cells turn towards/away to/from other cells as a result of the attractive (i.e., adhesive) interactions [21] and repulsive interactions [22] ; see also Fig. 4 . 5 These interactions can be described by the following nonlocal terms:
As mentioned before, u T = u + T + u − T is the total cell density. Parameters 93 q r and q a represent the magnitudes of the repulsive and attractive (adhe-94 sive) interactions, respectively. The interaction kernels K r (s) and K a (s) 95 describe the spatial ranges of these interactions, and an example of such 96 kernels is depicted in Figure 3 we assume that the cell will change its polarisation towards the spatial 107 region with lower cell density (i.e., the cell tries to avoid collision with 108 higher densities of neighbouring cells and attraction have opposite effects on the turning behaviour of cells.
120
In addition to movement and turning behaviours, tumour cells exhibit also 121 a proliferative behaviour at a rate p T , until they reach the carrying capac-122 ity K T . Following the approach in [27] (for reaction-hyperbolic systems), 123 we assume that there is equal probability of left-moving and right-moving 124 cells to proliferate, and thus the proliferation terms in (1a)-(1b) are simi-125 lar. Moreover, we assume that small tumours (i.e., u T < K * T = K T /10 2 , 126 with K * T a threshold parameter) have their growth inhibited by TGF-β 127 molecules that act as a tumour suppressor. We denote this inhibition rate 128 by δ T . As tumour grows (i.e., u T > K * T ), the TGF-β undergoes a shift 129 from a tumour-suppressing to a tumour-promoting molecule, and so δ T 
) with sr = 0.05mm, sa = 0.3mm. Shown here is qaKa(s) and qrKr(s), where the magnitudes of cell-cell repulsion and attraction are given by qr = 0.4 and qa = 2. This type of Gaussian kernel incorporates the assumption that the repulsion force is stronger at some distance sr > 0. This ensures that cells will not press on each other at almost zero spatial distances, causing them to pile up on top of each other (as it has been observed with Morse-type kernels, which have been considered more biologically realistic, but which can lead to density blow-up patterns [24] ). Note that this kernel seems to describe the behaviour of cancer HeLa cells that have been shown to have a maximum diameter of 40µm, which is then compressed to only 20µm when cells are in aggregations and press on each other [25, 26] . Finally, to give a more clear description of the interaction ranges (see also Appendix A), the inset figure in panel (b) shows the repulsive and attractive kernels on a logscale y-axis. ary conditions:
We note that these boundary conditions require the infinite integrals in (4) to 145 be approximated by integrals over [0, L], which are then wrapped around the 146 domain. The kernels in these integrals (described in the caption of Fig. 3 We observe immediately that the solutions of model (1) are invariant under the translation symmetry:
where "·" denotes the group action (see [32] ), v = (u + T , u − T , u β ), and L is the length of the 1D domain. This invariance is due to the translation invariance of the differential and integral operators in (1) and the fact that the reaction terms are not space dependent. Because of the periodic boundary conditions, the translations can be interpreted as rotations and the group generated by the elements θ ∈ [0, L) can be identified with the rotation group SO(2). Moreover, the solutions of (1) satisfy the reflection symmetry:
Note that this symmetry sends the right-moving tumour cells at x into left-155 moving tumour cells at L − x, and vice-versa. Also, the symmetry moves the 156 8 TGF-β molecules from x to L − x. It is straightforward to verify that nonlocal 157 interactions are preserved by these reflections:
Therefore, the turning rates satisfy
Because κ preserves the second order derivative with respect to space and does 159 not affect the reaction terms, we can conclude that if
is also a solution. The Adding the right-hand-side terms in equations (1a) and (1b), leads to the following steady-state system for the total cell density u * T and TGF-β concentration u * β (note that the turning terms λ + u + T and λ − u − T disappear when adding (1a)+(1b)):
The solutions of this system are:
181
• A tumour-free state: (u * T , u * β ) = (0, p e /δ β ). The TGF-β molecules that 182 persist in this case are produced by various cells in the environment (e.g.,
183
epithelial cells, monocytes, etc.). This state has O(2) symmetry.
184
• A tumour-present state: (u * T , u * β ), which satisfies the following equations: 
we obtain −λ * u * T + λ * u * T = 0, which leads to equation (8a). For this 191 reason, we graph in Figure 5 also the states u * T /2.
192
Next, we investigate the possibility of having tumour-present steady states with u +, *
, states with SO(2) symmetry). Equating the steady-state expressions in (1a)-(1b) to eliminate the logistic terms (which are similar in these two equations), we obtain that the equilibria have to satisfy the following equation:
Therefore, we have two possibilities: 
However, a simple algebraic investigation of the conditions required 198 for the existence of this state with SO(2) symmetry shows that for 199 the parameter values chosen in this study (see Table 2 ), this steady 200 state is unphysical. To determine whether the dynamics of system (1) approach in the longterm the previously calculated spatially-homogeneous steady states, or some spatially-heterogeneous states, we perform a local stability analysis. First we consider the linearised version of system (1):
, and the two linear operators are described by:
where
The terms A 1 and A 2 that appear in equations (15) are
while the terms b 1 , b 2 , b 3 and b 4 that appear from the linearisation of the nonlocal attractive terms are
Moreover, in equations (15) we defined the following convolutions
Next, we consider small perturbations of the spatially-homogeneous steady states, u ± T (x, t) = u ±, * T + a ± exp(ik n x + σt) and u β (x, t) = u * β + a β exp(ik n x + σt), where k n = 2πn/L is the wavenumber that emerges and σ describes the growth of the perturbations. Substituting these terms into the linearised system u t + Lu = 0, leads to the following Jacobian matrix:
where the nonlocal terms B ± 1,2 (k) and B β 1,2 (k) are defined in terms of the Fourier transforms of K ± r,a (k):
The critical eigenvalues of this Jacobian are the solutions of the cubic equation
206
Note that for u * ,+ T = u * ,− T = 0, the roots of the dispersion relation are:
Thus we can summarise the stability of this tumour-free state in the following 207 result (see also Figure 6 (a)):
208
Proposition 3.2. The tumour-free steady state (u * , nitudes of cell-cell adhesion and repulsion (q a and q r ).
213
In regard to the O(2) tumour-present steady states we can show below a 214 stability result for q a = q r = 0. While this case makes the model trivial, the 215 result will allow us to confirm analytically, when we will graph the neutral-216 stability curves in the q a − q r plane (see Figure 8) , that the open region having 217 the origin (q a q r )=(0,0) at its boundary corresponds to asymptotic stability of the 218 tumour-free steady-state. The case q r,a > 0 is not investigated analytically, but 219 rather graphically by determining the neutral stability curves, see Section 3.3.1): Figure 5 ); Its stability depends on qa and qr. For low qr, qa the state is stable (panel (b)). Increasing qa leads to instability to low wavenumbers (k 6 -shown in the inset figure in panel (c)). Increasing qr leads to instability to high wavenumbers (k 71 -shown in the inset figure in panel (d)). Increasing both qr and qa leads to instability to both low and high wavenumbers (panel (e)). Here p T = 0.04, and the rest of parameters are as in Table 2 . The points on the x-axis represent the discrete wavenumbers k j = 2πj/L. Proposition 3.3. The tumour-present steady state (u * T /2, u * T /2, u β ) is asymptotically stable for q a = q r = 0 provided that the model parameters are such that the following conditions hold:
This result is proved in Appendix C. For the parameter values described in Table   222 2, all these three conditions hold true (see also that, for the steady states u * T = 0, the neutral stability curves do not depend on 251 q a or q r , and the first three wavenumbers (k j , j = 1, 2, 3) are always unstable 252 (for the parameter values in Table 2) . Panel (b) shows that, for the steady 253 states u * T > 0, when we keep q a fixed and vary q r , then small q r is associated 254 15 with instability of low wavenumbers (i.e., k j < 10) while large q r is associated 255 with instability of high wavenumbers (i.e., k j > 30). When we fix q r and vary 256 q a , then instability of low wavenumbers appears only for large q a . Note the for 257 q a > 50 one could also observe instability of high wavenumbers (i.e., k j > 30; 258 corresponding to the case in Figure 6 (e)) -not shown here. Since for the parameters values in Table 2 the tumour-free and tumour-260 present steady-states are all unstable, the final transient pattern will likely be 261 influenced by the most unstable wavenumbers in all states. In this case we 262 expect that the patterns will be influenced by various mode-mode interactions.
263
In the following, we confirm our results on the role of q r and q r on the The following derivation is similar to the one found in [33] and we omit most of the calculations. We consider the action of the group O(2) described in (6), on functions in the space
Then,
is a O(2)-invariant subspace of X and it is straightforward to verify that X is a direct sum of the X n spaces. Let
Then, each subspace
is O(2) irreducible and they are O(2) isomorphic. It is straightforward to verify that X n = X 1 n ⊕ X 2 n ⊕ X 3 n . Therefore, the O(2) invariant subspaces form an isotypic decomposition of X and in particular, L(X n ) ⊂ X n . Thus, the linearization L block decomposes into 3 × 3 matrices L n and we write these matrices in the basis given by the three vectors v j e iknx f j , j = 1, 2, 3 and v j ∈ C. We obtain L n by applying L d and L on those vectors. We set
Note that we write 2i K r (k n ) =K + r (k n ) −K − r (k n ) and 2i K a (k n ) = (K + a (k n ) −K − a (k n )).
because the right hand sides of the above equalities are purely imaginary and so K r,a are real. Finally, we write
Note that at a O(2)-symmetric equilibrium, A 1 = A 2 and P :
We determine the formula for the neutral stability curves corresponding to zero eigenvalues by computing the determinant of L n . We obtain det(L n ) =
which is a linear function of q r and q a . We solve det(L n ) = 0 as
(22) We explore equation (22) for parameter values in Table 2 . The numerator of 268 the constant term is negative for n ≥ 2 and K r (k n ) > 0 for n = 1, . . . , 50 269 and negative for n = 51, . . . , 100. The slope of the line depends on the ratio 270 K a (k n )/ K r (k n ) and a graph is shown in Figure 8 In the following section, we investigate numerically the patterns displayed by are fixed, as described in Table 2 . 318 Finally, for the numerical simulations we use two types of initial conditions:
319
• random perturbations of nonzero spatially homogeneous steady states (u +, * , u −, * , u * β ), to describe the formation of tumour aggregations when tumour cells are equally spread over the whole domain:
• step function, to describe an already formed small tumour: tions (9)-(11) (see Figure 9 ), and step-function initial conditions to describe an 330 initial tumour aggregation of maximum size u * = 0.036 (see Figure 10 ). 331 Figure 9 shows the dynamics of model (1) 
High tumour proliferation rate 367
In Figure 11 we investigate the dynamics of model (1) when we increase p T 368 to p T = 0.4. We see that in this case, low cell-cell adhesive interactions lead to for the parameter space investigated in this study). Again, we note that the 381 different initial conditions in Figure 11 (top and lower panels) do not seem to 382 impact the asymptotic dynamics of model (1) . and k β (we ignore δ β since we assume that the degradation rate of this cytokine 387 is more or less fixed). To this end, we vary these three parameters by ± 80% 388 (see Table 1 ). Fourth column in Table 1 shows the range in the percentage with TGF-β are varied by ±80% (for both homogeneous and step-like initial 395 conditions). Note that an increase in parameters values leads to an increase in 396 tumour size, while a decrease in parameter value leads to a decrease in tumour 397 size (irrespective of the initial conditions). We also note the different magnitudes 398 of changes in tumour growth (on day t = 140) for different initial conditions.
399
Finally, we emphasise that the parameter that induces the largest variations in 400 tumour size on day t = 140 is p β -the production of TGF-β molecules by the 401 tumour cells.
402 Figure 13 shows the effect of parameter changes on the growth of tumour cells 403 until day 140 (panels (a)-(c)), and on the spatial structure of the tumour on day 404 140 (panels (a')-(c')), for homogeneous initial conditions. We observe that an 405 increase in the parameter values leads not only to larger tumours on day 140 (as 406 shown in Figure 12 ), but also to a delay in the formation of spatial aggregations Figure 13 : Tumour density (u + T +u − T ) as we vary three parameters associated with TGF-β (δ T , k β , p β ) by ±80% (see values in Table 1 ). Panels While many clinical studies focused on the correlation between the size of the 412 tumour and the probability for synchronous metastases [35, 36, 37, 37, 38, 39, 413 40], these results are sometimes contradictory. For example, there are a few 414 studies on renal tumours which could not find any correlations between the size 415 of (relatively small) tumours and their metastatic potential [37] . However, many 416 other studies supported such a correlation, with larger tumours having a higher 417 probability for synchronous metastasis in renal or breast tumours [35, 36, 37, 39] .
418
It should be emphasised that all these clinical studies look at the size of 419 the primary tumour following detection and treatment. In Figure 14 (a)-(c) we 420 consider step-like initial conditions, and show the spatial distribution of tumour 421 cells on day t = 140, as we vary three parameters associated with TGF-β: δ T , 422 k β and p β . We note that for δ T and k β there are no significant differences in 423 the spatial distribution of tumour cells at this initial time (t=140 days). Only 424 an increase in p β (associated with an increased total tumour size) leads to a 425 faster spatial spread of secondary tumour aggregations further away from the 426 primary aggregation; see Figure 14 (c). This behaviour could be associated with 427 an increased metastatic potential, thus suggesting that larger tumours could 428 spread faster. In Figure 14 Table 1 ). Initial conditions are step functions. Panels (a), (b), (c) show the spatial distribution of tumour cells at time t = 140. We also show here the total density of tumour cells, calculated using the formula: Some clinical studies associated larger tumour sizes (at detection time) with 481 increased metastatic potential [35, 36, 37, 39] . Using this mathematical model, 482 we showed that this behaviour might be the result of an increased production 483 of TGF-β cytokine (i.e., increased p β ).
484
Other clinical studies associated increased tumour proliferation with in-485 creased metastasis [44, 45] . In our theoretical study, we showed distinct metas-486 tasis-like patterns for low tumour proliferation rates. We hypothesise that these 487 metastasis-like patterns are the result of the delicate balance between the tu-488 mour growth rate, the speed of tumour cells, and the long-range effect of TGF-β 489 molecules on cell-cell adhesion. We believe that similar patterns could be ob-490 tained also for higher proliferation rates, but given the very large parameter 491 space (even after model non-dimensionalisation -not shown here), we did not 492 investigate this particular aspect. The goal of this study was not to investigate 493 the exact parameter values for which metastasis behaviours can be obtained.
494
Rather, we wanted to show that the nonlocal effects of TGF-β molecules on lower, around 10 2 pg/ml = 10 −4 µg/ml), in this theoretical study we choose 527 p e = 0.1/hr/(µg/ml). For simplicity, we also approximate p β = 0.1/hr.
528
In regard to the diffusion coefficient D, various studies reported different 529 bio-molecular diffusion coefficients, depending on the substrate [48, 49]. For 530 example, [49] reported that the diffusion coefficient of another cytokine, IL-531 2, can vary between 100 µm 2 /s=0.36 mm 2 /hr and 16 µm 2 /s=0.057 mm 2 /hr.
532
However, since [50] showed that long-range diffusion is not a property of the 533 TGF-β cytokines, throughout this study we assume a lower diffusion coefficient 534 D ≈ 10 −4 mm 2 /hr.
535
In regard to the random and directed turning rates we assume that λ 1 , λ 2 ∈ 536 (0.1, 0.9) (since they can be interpreted as probabilities of turning per unit time; 537 see [28]). Because we are interested in studying directed collective movement 538 we also assume that λ 1 < λ 2 . For simplicity, throughout this study we choose 539 λ 1 = 0.2 and λ 2 = 0.8. Fig. 3(b) . We define cells density as cell numbers per ml of blood (for mice, blood volume is about 1.5-2.5ml), and the concentration of TGF-β as µg/ml.
In regard to cell sizes, the largest cells in the body (e.g., egg cells . In this study we 551 assume that s a = 0.3mm (=300µm). Finally, we choose a domain of size 552 L = 10 mm (=10 4 µm). All other parameters listed in Table 2 are varied within 553 the shown estimated ranges. 554 We emphasise that this approach (of combining parameters taken from the 
